Abstract. Let G be a connected non-special semisimple algebraic group and let W be a finite dimensional G-representation such that W has trivial generic stabilizer. Let g = Lie(G). Then the semi-direct product g ⊕ W is a counterexample to the Gel fand-Kirillov conjecture.
Introduction and statement of the main result
In the sequel k will be an algebraically closed field of characteristic zero. All objects we consider are k-objects. For a Lie algebra L over k we denote by U (L) its universal enveloping algebra and by D(L) the field of fractions of U (L). In [3] Gel fand and Kirillov formulate the following conjecture :
Conjecture (GK). Assume that L is a finite dimensional algebraic Lie algebra over k. Then D(L) is a Weyl skew field over a purely transcendental extension of k.
This conjecture is known to be true for L solvable [2] , [7] , [12] and for semisimple Lie algebras of type A n [3] . It is open for the other types.
In this note we construct a class of counterexamples to (GK). To the best of our knowledge, these are the first such examples. However in [11] counterexamples to (GK) are given over a non-algebraically closed base field. These are given by the non-trivial twisted versions of sl 2 .
Before we outline our construction let us mention that in [4] Gel fand and Kirillov prove that for semisimple L, D(L) becomes a Weyl skew field after extending the center. This suggests the following weakening of (GK).
Conjecture (GK ).
Assume that L is a finite dimensional algebraic Lie algebra over k. Then there exists a field extension K of the center of D(L), purely transcendental over k such that the field of fractions of
The examples we give are counterexamples to (GK) but not to (GK ) (see Corollary 2.5). In fact the authors are rather convinced that (GK ) is true. Now we describe our examples. Let G be a connected semisimple algebraic group over k and let W be a finite dimensional G-representation. Let g = Lie(G). Then
Examples of this type had been considered earlier in connection with the Gel fand Kirillov conjecture by Nghiem-Xuan Hai [5] and by the first two authors. Now recall that G is called special if any principal homogeneous G-space is locally trivial for the Zariski topology. The following is our main result : The proof follows by combining Corollaries 2.3 and 4.3 below. The smallest counterexample to (GK) that can be made with Theorem 1.1 is given by g = sl 2 and W equal to two copies of the adjoint representation of g. Then dim L = 9. This should be compared with work of the first two authors which shows (by explicit computation) that (GK) holds for all Lie algebras of dimension ≤ 6.
The authors wish to thank Thierry Levasseur and Jean-Louis Colliot-Thélène for some useful discussions. We also thank Hanspeter Kraft for allowing us to include some explicit results of his in the case G = Sl 2 (see Appendix). Proof. Let l be a field. If h is an l-Lie algebra acting on an l-algebra A by derivations then by definition A# l U (h) is the algebra which equals A ⊗ l U (h) as l-vector space and whose multiplication is defined by
An alternative description of D(L)
If A is commutative then there is a canonical l-algebra homomorphism
and we have the following easy lemma :
Sublemma. Suppose that A is commutative and smooth over l. Assume furthermore that the canonical map
Similarly D l (A) is filtered by order of differential operators and since A/l is assumed to be smooth, gr D l (A) = S A (Der l (A) ). This finishes the proof since (2.1) is compatible with these two filtrations.
It is easily verified that one has the identity
The proposition now follows from the above sublemma and the next one.
Sublemma. The canonical map
is an isomorphism.
Proof. First note that the generic stabilizer of W * is also finite (Lemma 2.6 below) and hence tr. deg K/F = dim G = dim g F . Thus the left-and right-hand sides of (2.2) are K-vector spaces of the same dimension. So it suffices to prove that (2.2) is injective. To this end it suffices to prove that
is injective. Let u 1 , . . . , u n be a basis for g and let u = i f i u i be a non-zero element in the kernel of (2.3). Choose x ∈ W * in such a way that
• the stabilizer of x is finite;
• all f i are regular in x;
• not all f i are zero in x.
Then u(x) defines a non-zero element of the kernel of the differential in e of the map G − → W * : g → gx. Now the stabilizer of x is finite and so this map is an immersion locally around e. Therefore the differential is injective in e which yields a contradiction.
Corollary 2.2. Assume that the generic stabilizer of W is finite. Then the center of D(L) is equal to F .
Proof. One easily verifies from Proposition 2.1 that the center of D(L) is given by those elements of K that are constant for all F -derivations of K. Because g maps to Der F (K) it is sufficient to show that K g = F . Now the fact that G is connected implies that
We are now in a position to prove half of Theorem 1.1.
Corollary 2.3. D(L) is a Weyl skew field over F in the following cases.
( Proof. There are various constructions for θ. One possibility is the following. Let T ⊂ G be a maximal torus and let θ be the automorphism of T which sends t to t −1 . θ sends the roots of (G, T ) to their inverses and hence defines an automorphism of the root system of (G, T ). Therefore θ extends to an automorphism θ of G [6, Chapter 32 ]. This θ is the one we need since it sends the character of W to that of W * .
Subfields of Weyl skew fields
We now need a criterion for certain division algebras not to be Weyl skew fields. We use the following observation : Proof. By definition D is the field of fractions of some Weyl algebra A n . If we filter A n with the Bernstein filtration then gr A n is a graded polynomial ring in 2n variables, each of degree one.
The filtration on A n extends to a filtration on D whose associated graded ring is the graded field of fractions [14] of gr A n . It is easy to see that this implies that gr D = P [X, X −1 ] where P is a purely transcendental field extension of F and deg X = 1.
One easily verifies that the filtration on D is obtained from a discrete valuation with residue field P [10] . Then the restriction of this discrete valuation to K is either trivial or also a discrete valuation. In the first case K ⊂ P and in the second case the residue field of the valuation on K is contained in P .
It now suffices to invoke the following lemma.
Sublemma.
Assume that K/F is a field extension which satisfies one of the following conditions. (2) since there is an extra point involved.
Let l be the residue class field of R and let P/F be a purely transcendental extension containing l. H) ). But then X is also in the kernel of the composition
is injective since P/F is purely transcendental and hence X must be trivial.
This finishes the proof of Proposition 3.1.
Non-special groups
To conclude we need the following result due to Luna (unpublished). Proof. This follows directly from [9, IV.2.4]. However we will take the opportunity here to present a slightly different proof which perhaps has some independent interest.
Let G be a semisimple, not necessarily non-special, algebraic group. According to [13, Appendix] , the generic orbit in V is closed, so by the Luna Slice Theorem there exists a non-empty open affine G-invariant subset U of V such that the action of G on U is free. Now recall that a principal homogeneous G-space φ : Y − → X is called versal if for all local rings A and for all principal homogeneous G-spaces θ : Z − → Spec A there is a morphism Spec A − → X such that the pullback of φ along this map is equal to θ.
To prove the proposition it now suffices to prove the following stronger result which was suggested to us by Colliot-Thélène. is an affine smooth rational curve. We can factor φ in the following form
where B, U denote as usual the subgroups of upper triangular and unipotent upper triangular matrices in G. The first two maps are quotients by, respectively, the one-dimensional additive and multiplicative groups, hence these are locally trivial in the Zariski-topology. The last map φ 3 is a fiber bundle with fiber B\G/Γ ∼ = P 1 and it is well-known that every P 1 -bundle over a smooth curve is locally trivial in the Zariski-topology (Theorem of Noether-Enriques, cf. [ 
